Background {#Sec1}
==========

In classical time-to-event or survival analysis, subjects are under risk for one fatal event. However, subjects do not fail from just one certain type of event in some applications, but are under risk of failing from two or more mutually exclusive types of events. When an individual is under risk of failing from two different types of event, these different event types are called competing risks. One of the events censors the other, and vice versa, in these competing risks frameworks \[[@CR1]--[@CR3]\]. However, many clinical trials have revealed that a subject can experience both a non-fatal event (e.g., a disease or relapse) and a fatal event (e.g., death), where the fatal event censors the non-fatal event but not vice versa. We call these types of data semi-competing risks data \[[@CR4]--[@CR6]\].

In clinical trials, the occurrence of a non-fatal event can be detected in conjunction with possibly incessant monitoring during periodic follow-up. For illustration purposes of our methodologies, a dataset named PAQUID (Personnes Agées Quid) is analyzed to investigate the meaningful prognostic factors associated with dementia. These data were initially analyzed by \[[@CR7]\] using the conventional Cox model \[[@CR8], [@CR9]\]. Complete descriptions of the PAQUID data can be found in [Conclusions](#Sec8){ref-type="sec"} section. In this paper, we employ a semi-competing risks model where death may occur after dementia has occurred (i.e., been diagnosed), but death censors the disease. An illness-death model \[[@CR10]\] is perhaps one of the most commonly and frequently used semi-competing risks models. Many studies have been conducted under semi-competing risks frameworks \[[@CR4], [@CR5], [@CR11]\].

As shown in the PAQUID data, dementia can be censored informatively by death. Furthermore, an additional informative censoring process can also occur. That is, participants may be excluded from the study due to withdrawal, which is often referred to as lost-to-follow-up (LTF). It is clear that dementia would be censored due to death; however, when an LTF is present it is not guaranteed that dementia has been censored. This makes it important to consider both cases; dementia is censored or not censored. We also note that the illness process (dementia) can be censored by LTF. This forces us to consider a multi-state model in which LTF is not regarded as censoring but as a non-fatal event. Considerable studies have utilized this multi-state model. For example, \[[@CR12]\] proposed a nonparametric method to estimate the survival function associated with disease occurrences, while \[[@CR6], [@CR13]\] used the Cox proportional hazards model \[[@CR8], [@CR9]\] to estimate regression coefficients.

In the meantime, most non-fatal events are observed periodically. That is, the event time is not observed exactly but lies on an interval of the form (*L*,*R*\], where *L* is the last time a subject visited without possessing a disease and *R* is the first time that the subject was diagnosed with a disease. This type of censoring is called interval censoring. We could emulate what \[[@CR6]\] did and assume that a non-fatal event of a subject occurs uniformly on the interval (*L*,*R*\]. However, using the methods proposed by \[[@CR14], [@CR15]\], we instead partition the interval (*L*,*R*\] into a few sub-intervals, in which a non-fatal event can occur. Ultimately, different weights can be assigned to each sub-interval. Thus, the former method corresponds to an unconditional probability approach with equal weight on all of the sub-intervals, whereas the latter utilizes a conditional probability approach with a specific weight, depending on the sub-interval.

In our study, we use the latter method to deal with non-fatal events that are interval-censored on an interval. In addition, we propose an additive-multiplicative model by combining the Cox proportional hazards model with the additive risk model of \[[@CR16]\], in accordance with a multi-state model. The additive-multiplicative model was initially introduced by \[[@CR17]\] and has since been developed by a number of researchers. Scheike and Zhang \[[@CR19]\] incorporated time-varying covariates for the additive part and time-independent covariates for the multiplicative part. On the other hand, \[[@CR18]\] estimated relevant parameters by considering time-varying covariates for both additive and multiplicative parts. We also consider the frailty effect as a latent variable to incorporate possible connections between events; this is done because each individual is exposed to several events, including the occurrence of illness, LTF, and death.

The rest of the paper is organized as follows. First, we explain notations and procedures for parameter estimation along with the proposed models. Second, extensive simulation studies are presented to investigate the model performances in terms of the relative bias and coverage probability of the proposed estimates. We also provide the results of real data analysis. Finally, we present a summary and concluding remarks, including some of the drawbacks of the proposed models and directions for future research.

Methods {#Sec2}
=======

Models {#Sec3}
------

As depicted in Fig. [1](#Fig1){ref-type="fig"}, the proposed model in this study consists of five states: healthy (H), non-fatal (NF), fatal (F), lost-to-follow-up (LTF), and unobserved non-fatal (NF(LTF)). Each state is denoted by numbers 0 through 4, respectively. A total of seven possible transitions exists in the model: 0→1, 0→2, 0→3, 1→2, 3→2, 3→4, and 4→2. However, among these transitions, both 3→4 and 4→2 (displayed as dotted lines in Fig. [1](#Fig1){ref-type="fig"} are unobservable and should be regarded as potential transitions. Fig. 1Five-state model

Let *t* be the time from study entry. Additionally, *S*~*t*~ is defined as the state that each subject can take at *t*≥0. Then, *S*~*t*~∈{0,1,2,3,4}. Let $\documentclass[12pt]{minimal}
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Assumptions ([1](#Equ1){ref-type=""}) and ([2](#Equ2){ref-type=""}) imply that the transition intensities of H to NF and NF to F may be the same, irrespective of the occurrence of LTF. As mentioned in [Background](#Sec1){ref-type="sec"} section, given covariates ***z***=(*z*~1~,*z*~2~,...,*z*~*p*~)^′^ and ***w***=(*w*~1~,*w*~2~,...,*w*~*d*~)^′^, along with frailty *u*, we consider additive and multiplicative models defined as $$\documentclass[12pt]{minimal}
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where *θ*~*rs*~(\>0) and *γ*~*rs*~(\>0) are the scale and shape parameters of a Weibull distribution, respectively, and ***β***~*rs*~ and ***α***~*rs*~ are vectors of the regression coefficients for the additive and multiplicative parts, respectively. Moreover, *η*= exp(*u*) is the frailty for a log-normal distribution and *u* is assumed to follow a normal distribution with a mean of zero and variance *σ*^2^. Thus, we use a Weibull distribution as a baseline transition intensity and impose a multiplicative frailty effect on the transition intensities. Since the parameters *θ*~34~,*θ*~42~,*γ*~34~,*γ*~42~,***α***~34~,***α***~42~,***β***~34~, and ***β***~42~ related to transitions 3→4 and 4→2 should satisfy the assumptions in ([1](#Equ1){ref-type=""}) and ([2](#Equ2){ref-type=""}), the parameter vector estimated for the model in ([3](#Equ3){ref-type=""}) is ***ζ***=(***θ***^∗^,***γ***^∗^,***α***^∗^,***β***^∗^,*σ*^2^)^′^, where ***θ***^∗^=(*θ*~01~,*θ*~02~,*θ*~03~,*θ*~12~,*θ*~32~), ***γ***^∗^=(*γ*~01~,*γ*~02~,*γ*~03~,*γ*~12~,*γ*~32~), $\documentclass[12pt]{minimal}
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Parameter estimation {#Sec4}
--------------------

As shown in Fig. [1](#Fig1){ref-type="fig"}, a total of six routes can be experienced by a subject from the beginning to the end of the study. These are route 1 (0 → 0), route 2 (0 → 2), route 3 (0 → 1), route 4 (0 → 1 → 2), route 5 (0 → 3), and route 6 (0 → 3 → 2). In particular, route 5 can be classified into two paths, i.e., 0 → 3 and 0 → 3 → 4, depending on whether or not a subject experiences the unobservable NF state. Similarly, route 6 can be classified into two paths: 0 → 3 → 2 and 0 → 3 → 4 → 2. We introduce notations to define the likelihood associated with each route. Consider three random variables *R*, *L*, and *T*, each of which represents a time from the start of the study until the occurrence of a non-fatal event, LTF, and a fatal event, respectively. Furthermore, let $\documentclass[12pt]{minimal}
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Now, let *e*~*i*~ be the entry time of study, *a*~*i*~ be the last time the *i*^th^ subject visited before a non-fatal event was observed, and *b*~*i*~ be the first time a non-fatal event is observed by the *i*^th^ subject for *i*=1,2,...,*n*. Consider an indicator function *I*~*ij*~, which is 1 if subject *i* follows route *j* and zero otherwise for *j*=1,2,...,6. Let $\documentclass[12pt]{minimal}
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Likelihood functions can also be constructed for routes 3 and 4: $$\documentclass[12pt]{minimal}
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Equations ([6](#Equ6){ref-type=""}) and ([7](#Equ7){ref-type=""}) are derived by assuming that a non-fatal event of subject *i* in the set $\documentclass[12pt]{minimal}
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                \begin{document}$d_{i^{\prime }m} = I(s_{m}\in (a_{i^{\prime }},b_{i^{\prime }}])$\end{document}$. Subsequently, likelihood functions incorporated with weight $\documentclass[12pt]{minimal}
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                \begin{document}$w_{i^{\prime }m}$\end{document}$ in ([8](#Equ8){ref-type=""}) for routes 3 and 4 are given by $$\documentclass[12pt]{minimal}
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                \begin{document} $$ {\begin{aligned} Q_{i3}=& \sum_{m=1}^{l}d_{im}w_{im}\exp\{-H_{0}(e_{i},s_{m}|{\boldsymbol{z}}_{i}, {\boldsymbol{w}}_{i}, u_{i})\}\lambda_{01}(s_{m}|{\boldsymbol{z}}_{i}, {\boldsymbol{w}}_{i}, u_{i})\\ & \times \exp\{-H_{1}(s_{m}, t_{i}|{\boldsymbol{z}}_{i}, {\boldsymbol{w}}_{i}, u_{i})\},\ i\in\mathcal{B}_{3}.  \end{aligned}}  $$ \end{document}$$

$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{array}{@{}rcl@{}} Q_{i4} = Q_{i3}\times\lambda_{12}(t_{i}|{\boldsymbol{z}}_{i}, {\boldsymbol{w}}_{i}, u_{i}),\ i\in\mathcal{B}_{4}.  \end{array} $$ \end{document}$$

Finally, likelihood functions for routes 5 and 6 are given by $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{array}{@{}rcl@{}} Q_{i5}&=& \Pr(R_{i}\wedge T_{i}>t_{i}|\mathcal{H}_{3,a_{i}}(a_{i}),{\boldsymbol{z}}_{i}, {\boldsymbol{w}}_{i}, u_{i}) \\ &&+ \Pr(R_{i}\in(a_{i},t_{i}], T_{i}>t_{i}|\mathcal{H}_{3,a_{i}}(a_{i}),{\boldsymbol{z}}_{i}, {\boldsymbol{w}}_{i}, u_{i}) \\ &=& \exp\{-H_{0}(e_{i},a_{i}|{\boldsymbol{z}}_{i}, {\boldsymbol{w}}_{i}, u_{i})\}\lambda_{03}(a_{i}|{\boldsymbol{z}}_{i}, {\boldsymbol{w}}_{i}, u_{i})\\ &&\times \bigg[ \exp\{-H_{3}(a_{i},t_{i}|{\boldsymbol{z}}_{i}, {\boldsymbol{w}}_{i}, u_{i})\} \\ &&+ \int_{a_{i}}^{t_{i}}\exp\{-H_{3}(a_{i},s|{\boldsymbol{z}}_{i}, {\boldsymbol{w}}_{i}, u_{i})\}\lambda_{34}(s|{\boldsymbol{z}}_{i}, {\boldsymbol{w}}_{i}, u_{i}) \\ &&\times \exp\{-H_{4}(s,t_{i}|{\boldsymbol{z}}_{i}, {\boldsymbol{w}}_{i}, u_{i})\} ds \bigg], \ i\in\mathcal{B}_{5}, \end{array} $$ \end{document}$$
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                \begin{document} $$ {\begin{aligned} Q_{i6}=&\Pr(R_{i}>T_{i},\ T_{i}=t_{i}|\ \mathcal{H}_{3,\ a_{i}}(a_{i}),{\boldsymbol{z}}_{i}, {\boldsymbol{w}}_{i}, u_{i}) \\ &+ \Pr(R_{i} \in(a_{i},\ t_{i}],\ R_{i}<T_{i}=t_{i}|\mathcal{H}_{3,a_{i}}(a_{i}),{\boldsymbol{z}}_{i}, {\boldsymbol{w}}_{i}, u_{i}) \\ =& \exp\{-H_{0}(e_{i},a_{i}|{\boldsymbol{z}}_{i}, {\boldsymbol{w}}_{i}, u_{i})\}\lambda_{03}(a_{i}|{\boldsymbol{z}}_{i}, {\boldsymbol{w}}_{i}, u_{i})\\ &\times\bigg [ \exp\{-H_{3}(a_{i},t_{i}|{\boldsymbol{z}}_{i}, {\boldsymbol{w}}_{i}, u_{i})\} \lambda_{32}(t_{i}|{\boldsymbol{z}}_{i}, {\boldsymbol{w}}_{i}, u_{i})\\ &+\bigg\{\int_{a_{i}}^{t_{i}}\exp\{-H_{3}(a_{i},s|{\boldsymbol{z}}_{i}, {\boldsymbol{w}}_{i}, u_{i})\}\lambda_{34}(s|{\boldsymbol{z}}_{i}, {\boldsymbol{w}}_{i}, u_{i}) \\ &\times \exp\{-H_{4}(s,t_{i}|{\boldsymbol{z}}_{i}, {\boldsymbol{w}}_{i}, u_{i}) \} ds \bigg\} \lambda_{42}(t_{i}|{\boldsymbol{z}}_{i}, {\boldsymbol{w}}_{i}, u_{i}) \bigg],\ i\in\mathcal{B}_{6}.  \end{aligned}}  $$ \end{document}$$

Therefore, based on Eqs. ([4](#Equ4){ref-type=""})-([5](#Equ5){ref-type=""}) and ([9](#Equ9){ref-type=""})-([12](#Equ12){ref-type=""}), the likelihood function for the parameter vector ***ζ*** is $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{array}{@{}rcl@{}} L({\boldsymbol{\zeta}})=\prod_{i=1}^{n}\left\{\prod_{j=1}^{6}Q_{ij}^{I_{ij}}\right\} \phi\left(0,\sigma^{2};u_{i}\right), \end{array} $$ \end{document}$$

where *ϕ*(·) is the probability density function of a normal distribution with a mean of zero and variance *σ*^2^. In our analysis, we use the NLMIXED procedure of the SAS software to estimate ***ζ***. For the sake of parameter estimation procedures, we define the marginal likelihood as $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{array}{@{}rcl@{}} m({\boldsymbol{\zeta}})=\int\cdots\int L({\boldsymbol{\zeta}}){du}_{1}\cdots {du}_{n}. \end{array} $$ \end{document}$$

Then, we find the value of ***ζ*** that minimizes *f*(***ζ***)=− log*m*(***ζ***), which is referred to as $\documentclass[12pt]{minimal}
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                \begin{document}$\hat {{\boldsymbol {\zeta }}}$\end{document}$. Consequently, the inverse of the Hessian matrix evaluated at $\documentclass[12pt]{minimal}
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                \begin{document}$\hat {{\boldsymbol {\zeta }}}$\end{document}$ is defined as the estimated variance-covariance matrix of $\documentclass[12pt]{minimal}
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                \begin{document}$\hat {{\boldsymbol {\zeta }}}$\end{document}$. Numerical integration is required for the frailty distribution. For this purpose, we use the adaptive importance sampling \[[@CR20]\]. Finally, we employ quasi-Newton optimization, which utilizes the gradient vector and the Hessian matrix of *f*(***ζ***), to achieve the optimal solution of ***ζ***.

Results {#Sec5}
=======

Simulation studies {#Sec6}
------------------

Extensive simulation is performed to investigate the finite-sample properties of the estimators proposed in [Methods](#Sec2){ref-type="sec"} section. As mentioned earlier, we assume a Weibull distribution with a shape parameter of *γ*~*rs*~=1 as the baseline transition intensity and a log-normal distribution for frailty *η*= exp(*u*), where *u* is generated from a normal distribution with a mean of zero and a variance of 0.01. Furthermore, we use a binary covariate for *z* (generated from a Bernoulli trial with a success probability of 0.5) and a continuous covariate for *w* (generated from a standard normal distribution). We fix the sample size *n* at 200 and the censoring time *C* at 365. A total of 500 replications is used in our simulations. The following presents the details related to the generation of random variates for the *i*^th^ (*i*=1,2,...,*n*) subject. Step 0: We may allow the total number of occurrences for non-fatal events to be 24 times in a 12-month period, such as 15,31,...,349,365 days. However, the actual visiting time of each subject can be different from the designated times. Hence, we add random numbers, generated from a normal distribution with a mean of zero and a variance of 9, to each designated time point. Subsequently, the actual observed time points will be defined as $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{array}{@{}rcl@{}} 0= l_{0} < l_{1i} < \cdots < l_{23,i} < l_{24}=366. \end{array} $$ \end{document}$$Let *u*~01*i*~, *u*~02*i*~, and *u*~03*i*~ be random numbers generated from a uniform distribution on the interval (0,1). Additionally, let *R*~*i*~, *T*~*i*~, and *L*~*i*~ be, respectively, the roots *s* of the equations: $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{array}{*{20}l} \Lambda_{01}(s|z_{i}, w_{i},u_{i}) + \log(1-u_{01i})&=0,\\ \Lambda_{02}(s|z_{i}, w_{i},u_{i}) + \log(1-u_{02i})&=0,\\ \text{and} \Lambda_{03}(s|z_{i}, w_{i},u_{i}) + \log(1-u_{03i})&=0, \end{array} $$ \end{document}$$where $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{array}{@{}rcl@{}} \Lambda_{0j}(s|z_{i}, w_{i},u_{i}) = \eta_{i}\left[\left(\beta_{0j} z_{i}\right) s + \exp\{\alpha_{0j} w_{i}\} \theta_{0j} s^{\gamma_{0j}}\right]\ \text{for}\ j=1,2,3. \end{array} $$ \end{document}$$Step 1: If *C*≤*R*~*i*~∧*T*~*i*~∧*L*~*i*~, then the *i*^th^ subject is defined as being censored without experiencing a non-fatal event, i.e., $\documentclass[12pt]{minimal}
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                \begin{document}$i \in \mathcal {B}_{1}$\end{document}$. If *T*~*i*~=*R*~*i*~∧*T*~*i*~∧*L*~*i*~, then the *i*^th^ subject is defined as being dead without experiencing a non-fatal event, i.e., $\documentclass[12pt]{minimal}
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                \begin{document}$i \in \mathcal {B}_{2}$\end{document}$. However, if *R*~*i*~=*R*~*i*~∧*T*~*i*~∧*L*~*i*~, proceed to Step 2, and if *L*~*i*~=*R*~*i*~∧*T*~*i*~∧*L*~*i*~, proceed to Step 3.Step 2: Let *u*~12*i*~ be a random number generated from a uniform distribution on the interval (1− exp{*Λ*~12~(*R*~*i*~\|*z*~*i*~,*w*~*i*~,*u*~*i*~)},1), where $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{array}{@{}rcl@{}} \Lambda_{12}(s|z_{i},w_{i},u_{i})=\eta_{i}\left[(\beta_{12} z_{i}) s + \exp\{\alpha_{12}w_{i}\} \theta_{12}s^{\gamma_{12}}\right]. \end{array} $$ \end{document}$$Redefine *T*~*i*~ as the root *s* of the equation, $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{array}{@{}rcl@{}} \Lambda_{12}(s|z_{i},w_{i},u_{i}) + \log(1-u_{12i})=0. \end{array} $$ \end{document}$$If *C*≤*T*~*i*~, then the *i*^th^ subject is defined as being censored after experiencing a non-fatal event, i.e., $\documentclass[12pt]{minimal}
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                \begin{document}$i \in \mathcal {B}_{3}$\end{document}$. Otherwise, the *i*^th^ subject is defined as being dead at time *T*~*i*~ after experiencing a non-fatal event, i.e., $\documentclass[12pt]{minimal}
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                \begin{document}$i \in \mathcal {B}_{4}$\end{document}$. Moreover,- If *R*~*i*~∈(0,*l*~1*i*~), let *a*~*i*~=0 and *b*~*i*~=*l*~1*i*~. If *R*~*i*~∈(*l*~*k*−1,*i*~,*l*~*ki*~), let *a*~*i*~=*l*~*k*−1,*i*~ and *b*~*i*~=*l*~*ki*~ for *k*=2,3,...,23.- However, if *R*~*i*~∈(*l*~23,*i*~,*C*), the type of path should be redefined because a non-fatal event for the subject did not occur before the time of the last observation. Thus, if *C*≤*T*~*i*~, the *i*^th^ subject is defined as being censored without experiencing a non-fatal event, i.e., $\documentclass[12pt]{minimal}
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                \begin{document}$i \in \mathcal {B}_{1}$\end{document}$. Otherwise, the *i*^th^ subject is defined as being dead at time *T*~*i*~ without experiencing a non-fatal event, i.e., $\documentclass[12pt]{minimal}
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                \begin{document}$i \in \mathcal {B}_{2}$\end{document}$.Step 3: Let *u*~32*i*~ and *u*~34*i*~ be random numbers generated from uniform distributions on the intervals (1− exp{*Λ*~32~(*L*~*i*~\|*z*~*i*~,*w*~*i*~,*u*~*i*~)},1) and (1− exp{*Λ*~34~(*L*~*i*~\|*z*~*i*~,*w*~*i*~,*u*~*i*~)},1), respectively, where $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{array}{@{}rcl@{}} \Lambda_{3j}(s|z_{i},w_{i},u_{i})=\eta_{i}\left[(\beta_{3j} z_{i}) s + \exp\{\alpha_{3j}w_{i}\} \theta_{3j}s^{\gamma_{3j}}\right],\ \text{for}\ j=2,4. \end{array} $$ \end{document}$$Now redefine *R*~*i*~ and *T*~*i*~ as the roots *s* of the equations: $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{array}{*{20}l} \Lambda_{32}(s|z_{i},w_{i},u_{i}) + \log(1-u_{32i})&=0 \\ \text{and} \Lambda_{34}(s|z_{i},w_{i},u_{i}) + \log(1-u_{34i})&=0, \end{array} $$ \end{document}$$respectively. If *C*≤*R*~*i*~∧*T*~*i*~, the *i*^th^ subject is defined as being censored without experiencing a non-fatal event after LTF, i.e., $\documentclass[12pt]{minimal}
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                \begin{document}$i \in \mathcal {B}_{5}$\end{document}$. If *T*~*i*~≤*R*~*i*~, then the *i*^th^ subject is defined as being dead without experiencing a non-fatal event after LTF, i.e., $\documentclass[12pt]{minimal}
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                \begin{document}$i \in \mathcal {B}_{6}$\end{document}$. However, if *R*~*i*~\<*T*~*i*~, move to Step 4.Step 4: Let *u*~42*i*~ be a random number generated from a uniform distribution on the interval (1− exp{*Λ*~42~(*R*~*i*~\|*z*~*i*~,*w*~*i*~,*u*~*i*~)},1), where $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{array}{@{}rcl@{}} \Lambda_{42}(s|z_{i},w_{i},u_{i})=\eta_{i}\left[(\beta_{42} z_{i}) s + \exp\{\alpha_{42}w_{i}\} \theta_{42}s^{\gamma_{42}}\right]. \end{array} $$ \end{document}$$Redefine *T*~*i*~ as the root *s* of the equation, $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{array}{@{}rcl@{}} \Lambda_{42}(s|z_{i},w_{i},u_{i}) + \log(1-u_{42i})=0. \end{array} $$ \end{document}$$If *C*≤*T*~*i*~, then the *i*^th^ subject is defined as being censored at time *C* after experiencing LTF and a non-fatal event, i.e., $\documentclass[12pt]{minimal}
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                \begin{document}$i \in \mathcal {B}_{5}$\end{document}$. Otherwise, the *i*^th^ subject is defined as being dead at time *T*~*i*~ after experiencing LTF and a non-fatal event, i.e., $\documentclass[12pt]{minimal}
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                \begin{document}$i \in \mathcal {B}_{6}$\end{document}$.

In the simulation settings, we consider three types of regression coefficients (i.e., 'even', accelerated ('acc'), and decelerated ('dec')) as well as three types of LTF proportions (i.e., 'low', 'moderate', and 'high'). For the 'even' type, there are no differences in the effects of the covariates on the hazard rate of death before and after experiencing a non-fatal event. That is, *α*~02~=*α*~12~=0.01 and *β*~02~=*β*~12~=0.004. Meanwhile, for 'acc' and 'dec', increasing and decreasing effects are noted on the hazard rates of death, respectively. That is, *α*~02~=0.01, *α*~12~=0.0125, *β*~02~=0.004, and *β*~12~=0.005 for 'acc', whereas *α*~02~=0.02, *α*~12~=0.01, *β*~02~=0.008, and *β*~12~=0.004 for 'dec'. For the rest of the regression coefficients, we set *β*~01~=*β*~03~=*β*~32~=0.004 and *α*~01~=*α*~03~=*α*~32~=0.01. Moreover, we set *θ*~03~=0.00075, *θ*~03~=0.002, and *θ*~03~=0.004 for the 'low', 'moderate', and 'high' types, respectively. The remaining shape parameters of the baseline transition intensities were set as *θ*~01~=*θ*~32~=0.002 and *θ*~02~=0.001. Tables [1](#Tab1){ref-type="table"}, [2](#Tab2){ref-type="table"}, and [3](#Tab3){ref-type="table"} provide the relative bias ('r.Bias'), standard deviation ('SD'), average of the standard errors ('SEM'), and coverage probability ('CP') of 95% confidence intervals for the regression parameters and the variance estimate of the frailty distribution, respectively, according to the three LTF proportions. For comparison purposes with the proposed approach ('proposed'), each table also displays the results obtained by simply assuming that a non-fatal event occurred at the end of the right endpoint of the interval ('imputed-by-the-right-endpoint'). When the type of the regression coefficients is fixed at 'even', 'acc', or 'dec', the CPs of the regression parameters corresponding to the 'proposed' case are close to a nominal level of 0.95 irrespective of the LTF proportions, whereas those of the regression parameters such as *b*~01~ and *b*~03~, are much smaller than 0.95 for the 'imputed-by-the-right-endpoint' case. For the results based on the 'proposed' method, as the proportion of LTF increases, the mean squared error (MSE) for estimates of some regression parameters (e.g., *a*~03~,*a*~32~, and *b*~32~) decreases, while the MSE of other regression parameters (e.g., *a*~02~,*b*~02~, and *b*~03~) increases, regardless of the type of regression coefficients. Table 1Empirical results for the averages of the relative bias (r.Bias) and standard errors (SEM), standard deviation (SD), and coverage probability (CP) for the regression parameters and variance parameter of the log-normal frailty based on the 'imputed-by-the-right-endpoint' and 'proposed' methods when the type of regression coefficients is 'even' under three types of LTF proportions ('low', 'moderate', and 'high')Low (LTF(%)=22.6)Moderate (LTF(%)=34.2)High (LTF(%)=47.3)ParameterTrue valuer.Bias (%)SD (×10^5^)SEM (×10^5^)CP (%)r.Bias (%)SD (×10^5^)SEM (×10^5^)CP (%)r.Bias (%)SD (×10^5^)SEM (×10^5^)CP (%)*Imputed-by-the-right-endpoint methodα* ~01~0.0181.7150261510496.873.3151051497595.220.6144501518696.2*α* ~02~0.01176.2222972296195.4324.5244082406694.828.8276432742695.4*α* ~03~0.01133.2270062642995.486.1162231708696.275.3132911325095.2*α* ~12~0.01-145.7284812584995.2-113.4299962627993.674.1273092562096.2*α* ~32~0.01109.7654895561593.277.1360873374796.850.8266802521994.8*β* ~01~0.004-10.1818793.8-9.4808891.6-8.6878892.6*β* ~02~0.0041.1929294.6-1.4979694.4-0.410310194.0*β* ~03~0.004-7.2878691.2-6.410510593.4-9.313613391.6*β* ~12~0.0043.511511597.05.711211695.63.411611595.8*β* ~32~0.004-0.321719996.87.617417396.45.314815297.2*σ* ^2^0.01904.58164878293.8815.57848808492.4771.67626707690.4*Proposed methodα* ~01~0.0132.2152361513696.264.8153441508495.020.7144961527996.2*α* ~02~0.0170.2226922295195.0286.1240102413395.2100.4280302756995.2*α* ~03~0.01289.4275252634995.0121.3167401716195.086.3134651339195.0*α* ~12~0.01-24.6267182566195.8-83.4293552623094.0-37.0271022573696.2*α* ~32~0.01123.2671885612293.693.4362913357795.654.0265912520494.2*β* ~01~0.004-5.5899095.0-5.0859193.8-5.3889194.4*β* ~02~0.0045.9959796.24.09910094.24.810710694.8*β* ~03~0.004-1.7929193.2-1.710711095.6-3.314113993.4*β* ~12~0.004-1.910911096.40.910811295.20.111011196.0*β* ~32~0.0041.021419996.68.417917596.24.415015397.0*σ* ^2^0.011016.29069907492.2897.87743819891.0874.17616742387.2Table 2Empirical results for the averages of the relative bias (r.Bias) and standard errors (SEM), standard deviation (SD), and coverage probability (CP) for the regression parameters and variance parameter of the log-normal frailty based on the 'imputed-by-the-right-endpoint' and 'proposed' methods when the type of regression coefficients is 'dec' under three types of LTF proportions ('low', 'moderate', and 'high')Low (LTF(%)=19.4)Moderate (LTF(%)=31.4)High (LTF(%)=43.5)ParameterTrue valuer.Bias (%)SD (×10^5^)SEM (×10^5^)CP (%)r.Bias (%)SD (×10^5^)SEM (×10^5^)CP (%)r.Bias (%)SD (×10^5^)SEM (×10^5^)CP (%)*Imputed-by-the-right-endpoint methodα* ~01~0.0136.6155481497393.8-110.5158901513794.2-97.0153271542594.6*α* ~02~0.02-8.8239902269796.02.5237082512297.044.4297322845295.2*α* ~03~0.01400.1279262676895.89.1187911713693.8-80.3143851350093.6*α* ~12~0.01100.0278982637194.6199.2282712583392.8172.0291322638793.8*α* ~32~0.01274.6662615653893.6121.0355623382994.4125.5298792619394.2*β* ~01~0.004-6.6999790.0-8.7899693.4-6.3959795.2*β* ~02~0.008-0.913713994.0-2.812914095.8-0.314314996.0*β* ~03~0.004-2.8969893.0-5.712111691.0-9.514214494.4*β* ~12~0.0046.412012597.26.212012798.45.812412596.8*β* ~32~0.0040.623421896.87.620418896.49.517716995.0*σ* ^2^0.01631.47287854597.6705.26851798296.2714.87217754090.4*Proposed methodα* ~01~0.0121.6155861513494.0-56.8162681528594.0-92.4155301548794.2*α* ~02~0.02-0.6243162283395.8-18.9241162516296.6104.0300082845895.0*α* ~03~0.01337.6279432692495.4-9.4186291726594.0-83.6142791360094.2*α* ~12~0.0143.2276532645294.6175.4276502597393.8102.5284812625193.2*α* ~32~0.01296.4671965702893.4140.3365133426194.8170.0300372614593.8*β* ~01~0.004-2.510610191.8-4.5959994.6-2.310010095.8*β* ~02~0.0083.814614695.62.013314898.63.614815597.0*β* ~03~0.0041.310210293.4-0.312412194.0-3.014915095.4*β* ~12~0.0040.311211996.00.811612298.01.111712196.4*β* ~32~0.0042.523222297.28.520418996.49.717817095.6*σ* ^2^0.01838.48153921794.2852.37505844693.8791.27447774589.2Table 3Empirical results for the averages of the relative bias (r.Bias) and standard errors (SEM), standard deviation (SD), and coverage probability (CP) for the regression parameters and variance parameter of the log-normal frailty based on the 'imputed-by-the-right-endpoint' and 'proposed' methods when the type of regression coefficients is 'acc' under three types of LTF proportions ('low', 'moderate', and 'high')Low (LTF(%)=22.3)Moderate (LTF(%)=34.2)High (LTF(%)=47.6)ParameterTrue valuer.Bias (%)SD (×10^5^)SEM (×10^5^)CP (%)r.Bias (%)SD (×10^5^)SEM (×10^5^)CP (%)r.Bias (%)SD (×10^5^)SEM (×10^5^)CP (%)*Imputed-by-the-right-endpoint methodα* ~01~0.013.3148481491595.2-20.8163131502992.0-63.6156511514495.0*α* ~02~0.01140.0229102236094.023.4248522438395.09.0261692802097.2*α* ~03~0.0179.0253962662296.2115.9181321719492.8-4.9142621314893.0*α* ~12~0.0125-100.2272532639794.410.5301462671593.074.9258812584495.4*α* ~32~0.01479.4598365092992.0-108.0371183360995.2125.6260692502794.6*β* ~01~0.004-11.6898689.4-10.8928788.6-11.3868789.2*β* ~02~0.004-1.2839296.4-3.9899495.2-0.510210192.8*β* ~03~0.004-8.6838591.4-10.310910390.8-11.614913389.4*β* ~12~0.0053.713313096.02.312512696.23.013112996.0*β* ~32~0.0040.419719995.86.617217195.23.413915196.2*σ* ^2^0.01878.98926882292.6734.86989775491.4775.57514723187.6*Proposed methodα* ~01~0.0129.1151611502495.211.9164491511191.8-99.5157041516994.8*α* ~02~0.01126.2229202243593.8-49.7251792448895.2-34.2264952821897.4*α* ~03~0.019.4267682677995.898.7179481728793.81.1140131319193.8*α* ~12~0.012521.2268322640495.244.7299342656792.852.4257812586195.6*α* ~32~0.01280.8607295175391.4-181.5368593379695.4173.3268192505693.2*β* ~01~0.004-7.5959092.2-6.8959090.8-8.1899093.0*β* ~02~0.0044.1889697.21.8949996.24.610610593.4*β* ~03~0.004-3.9888993.6-4.111610892.8-6.315413890.6*β* ~12~0.005-0.912412496.4-2.011712297.0-1.212312495.4*β* ~32~0.0042.319520095.86.917117295.63.813715297.2*σ* ^2^0.01999.29282912493.0936.48781821988.6873.08002740485.6

Sensitivity analysis is also conducted to investigate how the estimator of the parameter behaves with different frailty distributions. For simplicity of computation, we consider only the 'even' case for the regression parameters and the 'moderate' LTF proportion. Three different frailty distributions are used, along with a normal distribution with a mean of zero and a variance of 0.01. These are uniform, double exponential, and gamma distributions with specific parameter value(s), for which the mean and variance of each distribution are the same as those of the normal distribution. Simulation results are provided in Table [4](#Tab4){ref-type="table"}. We compare the results of the three distributions with those of the normal distribution. The uniform and double exponential distributions are symmetric, like the normal distribution. However, the uniform distribution has thinner tails than the normal distribution, while the double exponential distribution has heavier tails than the normal distribution. Alternatively, unlike the normal distribution, the gamma distribution is an asymmetric distribution. Overall, there are no differences in the values of r.Bias and CP between the three distributions and the normal distribution. This implies that the proposed estimators are robust to misspecifications of the frailty distribution. Table 4Sensitivity analysis of the 'proposed' method depending on the underlying frailty distribution in terms of the averages of the relative bias (r.Bias) as well as the standard errors (SEM) and coverage probability (CP) when the type of the regression coefficients is 'even' and the LTF proportion is 'moderate'*N*(0,0.01)*U*(−0.173,0.173)*DE*(0.007)*G*(100.5,0.01)(LTF(%)=34.2)(LTF(%)=34.4)(LTF(%)=34.5)(LTF(%)=34.5)ParameterTrue valuer.Bias (%)SEM (×10^5^)CP (%)r.Bias (%)SEM (×10^5^)CP (%)r.Bias (%)SEM (×10^5^)CP (%)r.Bias (%)SEM (×10^5^)CP (%)*α* ~01~0.0118.81529994.040.91516994.236.71521594.8-28.71508996.2*α* ~02~0.011.32463393.2-83.82463997.089.02440194.445.02462396.6*α* ~03~0.01-143.81721094.458.91726693.8-110.51692593.8119.91719893.6*α* ~12~0.01181.12592596.4-27.92614194.827.12631893.2159.32568295.2*α* ~32~0.01-16.53340495.4-80.13315894.0-22.53361994.0-82.43359591.8*β* ~01~0.004-4.39194.8-5.89094.0-3.39194.0-6.79092.2*β* ~02~0.0042.79996.44.910094.85.410197.04.49995.4*β* ~03~0.004-2.210993.2-2.910991.0-2.811094.4-2.910891.8*β* ~12~0.0040.111196.62.311195.00.611094.8-0.311195.6*β* ~32~0.0048.017497.00.816996.02.917196.85.217096.4*σ* ^2^0.01955.8843189.2974.2832589.4926.1828489.6928.7846289.2

Illustrative data analysis {#Sec7}
--------------------------

PAQUID data were collected to investigate the effects of dementia on mortality. Samples were taken from community residents of two southwestern regions (Gironde and Dordogne) of France \[[@CR7]\]. The population consists of elderly people of ages 65 or above, between 1988 and 1990, whose socio-demographic characteristics and mental health status were recorded every two to three years. A total of 3675 persons was selected to participate in the study; among these individuals, 832 (22.6%) were diagnosed with dementia, 639 of whom died. The remaining 2843 participants (77.4%) did not experience dementia but 2298 of them died.

In this article, we performed an analysis based on 'paq1000' data, which included 1000 randomly selected observations from the PAQUID data \[[@CR21]\]. The paq1000 data consist of several pieces of information, such as the mental health status (diagnosed with dementia or dementia-free), dead or alive status, age (including a n's age at the start of study, their age at the last dementia-free visit, their age when they were diagnosed with dementia, their age at their time of death, and their age at censoring), gender, and educational background (educated or non-educated in terms of graduation of elementary school, say certificate). When a person who was not diagnosed with dementia at their last visit has not been traced for more than four years, this person is assigned to the LTF category. Table [5](#Tab5){ref-type="table"} shows summary statistics to briefly grasp the subjects' characteristics including ages at entry, at dementia diagnosis, at death after dementia, at death without dementia, and at death after LTF. A total of 231 persons was categorized as LTF; among these, 159 (68.8%) died. Moreover, 127 (68.3%) persons out of the 186 who experienced dementia died, and 438 (75.1%) persons out of the 583 dementia-free persons died. Moreover, age at dementia diagnosis is higher for women than for men regardless of the education group (with certificate or without certificate). The same trend is observed both at age after dementia and at age without dementia. Meanwhile, age at death after LTF is a bit higher for women than for men. Table 5Patients' characteristics of ages at entry, at demensia (DM) diagnosis, at death after DM, at death without DM, and at death after LTFGenderWomenMenCertificateCertificateAllWithWithoutWithWithoutmeanmeanmeanmean*n*meanAge*n*(±SD)*n*(±SD)*n*(±SD)*n*(±SD)*n*(±SD)at entry100075.045676.012274.430674.711672.8(±6.84)(±7.03)(±7.02)(±6.67)(±5.61)at DM diagnosis18683.310984.21783.34581.51581.9(±5.46)(±5.60)(±5.39)(±4.92)(±4.99)at death after DM12787.67288.81088.93685.4984.8(±5.93)(±6.21)(±5.19)(±5.23)(±4.12)at death without DM4388417085.94784.516182.86081.1(±7.03)(±7.17)(±6.91)(±6.44)(±6.78)at death after LTF15987.28087.72086.34387.31685.9(±6.42)(±6.04)(±6.85)(±6.75)(±7.12)

First, we check to see whether each covariate satisfies the proportional hazards assumption by using the test procedure of \[[@CR22]\] and the Schoenfeld residual \[[@CR23]\]. Figure [2](#Fig2){ref-type="fig"} shows diagnostic (scattered) plots of the scaled Schoenfeld residual versus age. In each plot, we mark a spline smoother (solid line) as well as two standard deviation bands (dashed lines). In the curve showing the effect of gender, there is a decreasing trend on transitions 0→1 and 0→2, an increasing trend on 1→2 and 3→2, and a quite steady pattern for 0→3. In the curve showing the effect of certificate, there is a prominent decreasing trend for transition 0→2, while the other transitions show steady patterns. Table [6](#Tab6){ref-type="table"} provides the *p*-values for the test results \[[@CR11]\]. For the gender effect, only the *p*-value for transition 0→3 is greater than 0.1, which seems to violate the proportional hazards assumption. Alternatively, the *p*-values for all transitions for the certificate effect, with the exception of 0→2, are greater than 0.1. This seems to satisfy the proportional hazards assumption. Thus, we put 'gender' into the additive side and 'certificate' into the multiplicative side for future analyses: $$\documentclass[12pt]{minimal}
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Table [7](#Tab7){ref-type="table"} shows a summary of the estimation procedures. We provide the estimates of the regression coefficients along with their standard errors and *p*-values. For the transition from H to LTF (0→3), the intensities for women are larger than for men, with a value of 0.00849 (849 out of 100000 persons). However, this turned out to be insignificant with a *p*-value of 0.439. For the intensity of the 3→2 transition, a reversed outcome was obtained, with a value of 0.00619 for men with a very significant *p*-value of less than 0.001. For the 0→1 transition, women showed a larger intensity than men with a value of 0.0156, yielding a non-significant result with a *p*-value of 0.245. For the 1→2 transition, the intensity for men is similar to that for women, with a value of 0.0101 and a *p*-value of 0.961. Finally, for the 0→2 transition, the intensity for men is larger than for women with a value of 0.0295 along with a significant *p*-value of 0.038. Meanwhile, all transition intensities of the non-educated group are similar to those of the educated group. Finally, the estimate for the variance *σ*^2^ on the common frailty is 0.999 with a highly significant *p*-value less than 0.001, showing non-homogeneity between clusters classified by the age at entry. Figure [3](#Fig3){ref-type="fig"} shows five transition intensities over age by gender and certificate and estimated normal frailties of each cluster. As presented in Fig. [3](#Fig3){ref-type="fig"}, the transition intensities of 0→1 and 0→3 are higher for women than for men over age regardless of the education group, while these trends are reversed for the 0→2 and 3→2 transitions. For the transition 1→2, no difference is observed between women and men, but there is a significantly monotone increasing trend over age. These are consistent with the results in Table [7](#Tab7){ref-type="table"}. Fig. 3Five transition intensities over age by gender and certificate: 0→1, 0→2, 1→2, 0→3, 3→2 transitions and estimated normal frailties of each cluster classified by age at entryTable 7Regression parameter estimates (Est) with the accompanying standard errors (SE) and *p*-values (*P*)CovariateParamEstSE*P*Gender*β* ~01~-0.01560.01320.245*β* ~02~0.02950.01360.004*β* ~12~0.01010.2050.961*β* ~03~-8.49 ×10^−3^0.01080.439*β* ~32~6.19 ×10^−3^1.57 ×10^−3^\<0.001Certificate*α* ~01~-2.10 ×10^−3^0.1900.991*α* ~02~-3.00 ×10^−5^0.1280.999*α* ~12~3.90 ×10^−5^0.6210.999*α* ~03~-9.80 ×10^−4^0.1510.995*α* ~32~3.85 ×10^−4^1.1330.999*σ* ^2^0.9992.55 ×10^−3^\<0.001

Conclusions {#Sec8}
===========

We considered a multi-state model for semi-competing risks data, for which there exists information on fatal events, but information on non-fatal events may not be available due to lost to follow-up. More precisely, we proposed an additive and multiplicative random effect model by combining the additive risk model \[[@CR16]\] with the proportional hazards model \[[@CR8], [@CR9]\] in order to derive the conditional likelihood function. An adjusted importance sampling method was used to compute the marginal likelihood function, where the MLEs for the regression coefficients were obtained by an iterative quasi-Newton algorithm. The proposed model was illustrated using PAQUID data and yielded several promising results. The risk of transition from a healthy state to dementia is higher for women. However, the risk of death is higher for men regardless whether a subject is diagnosed with dementia or not. Meanwhile, the risk of transition from a healthy state to dementia is higher for the educated group. The risk of death after being diagnosed with dementia is higher for the educated group; however, a reversed result is observed for non-diagnosed subjects. Furthermore, we conducted simulations with finite-sample sizes to investigate the efficiency of the proposed estimators. In particular, we considered nine combinations of three different types of regression coefficients and three different types of LTF proportions. In general, the coverage probabilities of the regression parameters are close to a nominal level of 0.95 in most cases. Moreover, according to a referee's suggestion, we investigated influence of parameter estimation when LTF is omitted (not censoring) in our simulation studies. Finally, we performed simulations with the same realizations generated from each configuration included in Tables [1](#Tab1){ref-type="table"}, [2](#Tab2){ref-type="table"}, and [3](#Tab3){ref-type="table"}. Based on the results not reported here, the CP of parameter *β*~01~ is extremely lower than a nominal level of 0.95 for all configurations. In addition, when the type of regression coefficients is 'dec', the CP of parameter *β*~02~ is much smaller than 0.95 regardless of types of LTF proportions. Moreover, compared to each table, namely, Tables [1](#Tab1){ref-type="table"}, [2](#Tab2){ref-type="table"}, and [3](#Tab3){ref-type="table"}, the relative bias of *β*~01~ increases around ten times for all configurations. This is the reason omitting LTF results in route changes of subjects included in routes 5 and 6 at the data generation stage, i.e., from route 5 to 1 (when the fatal event is censored) or from route 6 to 2 (when the fatal event is observed) according to the fatal status of subjects.

The proposed model has some drawbacks. At the initial stage of this research, as developed in \[[@CR8], [@CR9], [@CR16]\], we intended to consider a semi-parametric model incorporating five transition intensity models. However, it was quite difficult to handle nonparametric estimation procedures for the baseline transition intensity associated with the nuisance parameter because the total number of parameters is proportional to the number of subjects. Rather, we assumed a Weibull distribution for the baseline transition intensity; further research should be carried out to avoid the use of this specific distribution. To circumvent arbitrariness, it is necessary to calculate the Nelson-Aalen estimators for the cumulative baseline transition intensity \[[@CR8], [@CR9], [@CR16]\] and extend this method to semi-competing risks models based on the profile likelihood function. Another plausible remedy would be to apply a spline smoothing method on the baseline transition intensity proposed by \[[@CR24], [@CR25]\]. In the additive and multiplicative hazards model with frailty, one could use a semi-parametric Bayesian approach by assuming a prior distribution on the log-normal frailty. Subsequently, conventional Markov Chain Monte Carlo computation would be proceeded for the full conditional distribution on the frailty \[[@CR26], [@CR27]\].
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